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AN IMPROVES ANALYSIS OF SPHERE TRANSPlISSION EXPERIMENTS 

FOR AVEUGE CAFTUFlE CROSS SECTIONS 

BY DONALD BOGART 
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CIJWEMND, OHIO, TJNm STATES OF AMERICA 

REVISED ABSITRACT 

Sphere transmission experiments fo r  measuring average capture cross - 
sect ions uc i n  the  unresolved resonance region have been interpreted 
i n  the  pas t  by an analysis  adapted from t h a t  of Bethe, which assumes cap- 
ture and sca t t e r ing  cross sections t o  be energy independent i n  the  keV 
region. Because of the resonant nature of these cross sections,  rela- 
t i ve ly  large resonance self-protection corrections have been applied t o  
these results. 

Monte Carlo calculations t h a t  account d i r ec t ly  for energy-dependent 
cross sect ions and multiple-scattering processes i n  the  sphere experiments 
have provided s igni f icant ly  la rger  values of as a result of including 
e f f ec t s  of resonance Scattering. The sonsequences of t h i s  a r e  p a r t i c d a r l y  
important f o r  Au, f o r  which interpretat ion of the same experiments provides 
a value of ZC 
with 532+60 mb by Bethe analysis w i t h  a resonance self-protect ion correc- 
t ion.  This difference can be a t t r ibu ted  t o  the incorrect  inclusion of an 
average resonance sca t te r ing  cross section i n  using the Bethe analysis.  

Zc 

a t  24 keV of 635+50 mb by Monte Carlo analysis compared 

The problem i n  applying the Bethe method when microscopic cross sec- 
t ions  are energy dependent may be reduced t o  the determination of an effec-  
t i v e  sca t te r ing  cross section. By comparing values of average capture cross 
sections obtained from the Monte Carlo analyses with values obtained from 
the Bethe analyses fo r  Ag, Sb, I, and Au, a su i tab le  c r i t e r ion  was  obtained. 
The use of t he  poten t ia l  sca t te r ing  cross sect ion as the  e f fec t ive  sca t t e r -  
i n g  cross sect ion i n  the Bethe analysis was  shown t o  provide r e s u l t s  t ha t  
were i n  reasonable agreement with the Monte C a r l o  results without t he  neces- 
s i t y  f o r  applying resonance self-protection corrections.  
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1. INTROIXJCTIOX 

The sphere transmission method has been used with Sb-Be neutron sources 
t o  measure absolute values of average capture cross sections a t  2422 keV f o r  
many elements by SCBMITT and COOK 111, and BELAIVOVA, e t  al. [ 21. 
capture cross sections are obtained from the values of transmission by a 
method described by BEZPHE, e t  al. [3].  
fo r  the  neutron multiple sca t te r ing  processes pr ior  t o  capture or  escape 
from the  sphere. However, a major l imitat ion of the method i s  that the 
cross sect ions are  considered t o  be independent of neutron energy. A t  
24 keV, even for medium-weight and some heavy nuclei of i n t e re s t ,  the  average 
spacings of resonances f a r  exceed average Doppler-broadened neutron widths so  
that resonances r e t a in  t h e i r  character is t ic  shape, and cross sections vary 
considerably with energy. 
nances is -10 eV so  t h a t  hundreds of l eve ls  a re  encompassed i n t h e  4 keV 
spread of Sb-Be saurce neutrons. It is, therefore,  necessary t o  take i n t o  ac-  
count the effects  of neutron resonances i n  interpret ing the sphere t rans-  
mission experiments. 

Average 

This calculat ional  method accounts 

For these nuclei ,  the  average spacing of reso- 

In  the  Monte Carlo analysis, described by BOGART and S- 141, the  
resonance cross sections enter  d i rec t ly  i n t o  the problem as primary input 
data i n  addition t o  the  assumed values of po ten t ia l  sca t te r ing  cross sec- 
t ions.  
cross sections a re  obtained. The calculations y ie ld  values of average 
p-wave capture and poten t ia l  scat ter ing cross sections t h a t  preserve pub- 
l i shed  values of t o t a l  cross sections and t h a t  s a t i s f y  the  experimental 
values of sphere transmission. 

[ 1,2,51 without the  use of resonance s e l f  -protection corrections provides 
values of average capture section tha t  underestimate s ign i f icant ly  the 
values obtained by Monte Czt-10 analyses of the sitme sphere transmission 

In  t h i s  way, values of sphere transmission a s  a function of assumed 

It is  shown that t h e  use of the Bethe method as applied i n  the  pas t  

TMX-52235 
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experiments. 
t o  the  r e su l t s  obtained by the  Bethe analysis  considerably improves agree- 
ment with the Monte Carlo r e s u l t s  for  Ag, Sb, and I, but not fo r  Au. 

The application of resonance s e l f  -protection corrections [ 1,5] 

Both the  Monte Carlo calculations and t h e  Bethe method with resonance 
self-protect ion corrections require  a p r i o r i  knowledge of average s-wave 
resonance parameters as input data. For many isotopes, accurate statis-  
t i c a l  data a re  not available.  In addition, t he  d i r e c t  Monte Carlo analysis  
is  laborious and perhaps i s  not a working method fo r  general in te rpre ta t ion  
of sphere transmission experiments. Therefore, a method of in te rpre ta t ion  
of  sphere transmission experiments t h a t  uses the  Bethe analysis  but avoids 
t h e  necessity for applying resonance self-protect ion corrections i s  desirable .  
By comparing values of average capture cross sect ion obtained f romthe  Monte 
Carlo analyses with values from the  Bethe analyses fo r  Ag,  Sb, I and Au, a 
su i tab le  c r i t e r ion  i s  presented. 

2 .  MONTE CARLO ANALYSIS 

Sphere transmission experiments have been analyzed by a Monte Carlo 
method [4] t h a t  employs resonance cross sections t h a t  a r e  based on pub- 
l i shed  s-wave s t a t i s t i c a l  data.  Spherical sheU dimensions and transmission 
data  fo r  spheres of Ag, Sb, I, and Au t h a t  have been analyzed [1,2] and t h e  
average s-wave resonance parameters a t  24 keV t h a t  have been obtained from 
published s t a t i s t i c s  from slow-neutron spectroscopy s tudies  a r e  presented 
i n  Table I. Cross  sections based on these parameters a re  employed i n  the 
Monte Carlo analysis and a re  generated from the  Porter-Thomas d i s t r ibu t ion  
of reduced neutron widths as represented by 10 Doppler-broadened Brei t -  
Wigner resonances and from the  Wigner d i s t r ibu t ion  of l eve l  spacings as 
represented by 10 values; each value i s  the  average of a deci le  of the 
respective normalized populations. The sca t te r ing  and capture cross sec- 
t ions  for  each resonance a re  represented by 200 energy values a t  1 / 2  eV 
in te rva ls .  The general operation of the Monte Carlo program i s  described 
i n  reference [4] .  An i so t ropic  point source of neutrons is  assumed t o  be 
cent ra l ly  located i n  the s h e l l .  For each s h e l l  100,000 case h i s to r i e s  a re  
followed e i the r  t o  capture or t o  transmission. 
may lose  i n  an e l a s t i c  co l l i s ion  i s  from 1 t o  2 percent of i t s  energy; a t  
24 keV, t h i s  energy l o s s  i s  very much grea te r  than the  average l eve l  spacing. 
Therefore, a coll ided neutron encounters energy in t e rva l s  with equal proba- 
b i l i t y .  The reaction cross sections for  an energy in t e rva l  are  generated as 
the  sum of the  contributions of t he  sca t te r ing  and capture cross sections of 
two adjacent noninteracting Wigner-spaced Doppler-broadened resonances chosen 
a t  random. 

The average energy a neutron 

The conditions t h a t  a r e  s a t i s f i e d  simultaneously by the Monte Carlo - 
analyses a r e  the experimental values of average t o t a l  cross sect ion 
and transmission T. The consti tuent pa r t s  of TT are  the  s-wave and 
p-wave capture cross sections - and GC , t he  s-wave resonance sca t -  

In  theMonte Carlo calculations the p-wave sca t te r ing  component i s  assumed 
t o  be s m a l l  and t h e  p-wave capture cross sect ion i s  considered t o  be energy 
independent and i s  approximated by an average value. The s-wave resonance 

GT 
- 

t e r ing  component Ts and t h e  O C S  po ten t ia l  'scattering cross sect ion spot. 
S' 
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paraueters used are  averages over all isotopes of elemental samples; a sp in  
weight factor  g of 1/2 was used. 

Some l imitat ions of the Bethe method of sphere analysis were explored 
by BOGART and SENLZR [4] i n  performing several  ideal ized sphere transmission 
problems by the Monte Carlo method. I l l u s t r a t i v e  calculations were made for  
Au and I she l l s  using several  a rb i t ra ry  r epe t i t i ve  s t ep  sca t te r ing  and cap- 
ture cross sections superimposed on the  poten t ia l  scat ter ing.  The spacings 
and magnitudes of the s teps  were such t h a t  the same average value of capture 
cross sect ion was provided as t h a t  used for  a nucleus possessing constant 
sca t te r ing  and capture cross sections. It was found t h a t  a l l  values of 
t h a t  s a t i s f y  a given value of sphere transmission and that consider t h e  
resonance nature of the cross sections as represented by the steps,  a re  la rger  
than the  values of Tc f o r  energy independent cross sections.  These s tep  
values of ?7 are par t icu lar ly  increased by resonance scat terfng.  In the 
same way, the present Monte Carlo calculations t h a t  account d i r ec t ly  for 
energy dependent cross sections and multiple sca t te r ing  processes - i n  the 
sphere experiments have provided s ignif icant ly  la rger  values of clc 
result of including the e f f ec t s  of resonance scat ter ing,  which a r e  particu- 
l a r l y  important f o r  Au. Interpretat ion of Au transmission experiments pro- 
vides a value of ;;?c 
compared w i t h  532 rt 60 mb reported by SC,DIITT [5] which includes a resonance 
self-protect ion correction; a value of ‘i3 
Carlo is  t o  be compared with a value of 5?0 _+ 30 mb by BELANOVA 123. 

Tc 

C 

aS a 

a t  24 keV of 635 rt 50 mb by Monte Carlo analysis’ 

for  Au of 660 k 60 mb,by Monte 

me r e s u l t s  of the  sphere transmission experiment analyses by Monte 

The in te rna l ly  consistent values of 
Carlo and a comparison of r e su l t s  a t  24 keV by Bethe and Monte Carlo 
analyses a r e  presented i n  Table 11. 

s a t i s f y  the experimental transmissions and reported values of 
l i s t e d  i n  Table 11. 
r, and the measured uncertaint ies  i n  Fn and D a r e  evaluated by separate 
calculations and are  combined t o  provide the l i s t e d  uncertaint ies  i n  

i n  the measured values of s h e l l  transmission T. 

t h e i r  sums ZC 
changes i n  rstot and aT because of p a r t i a l  compensation i n  sat isfying 
experimental ransmissions. Therefore, the  precision of the Monte Carlo 
value of TC is  not believed t o  be the sum of the uncertaint ies  i n  - 
and Fc 

- - - - 
and u obtained by the Monte Carlo analyses that 

The ef fec ts  of an estimated 10-percent uncertainty i n  

Pot - UCS’ UCp’ U C J  Gs, 

oT a re  also 

- - - r e s u l t  from the  uncertaint ies  i n  

and TC are  found individually t o  have the  l i s t e d  uncertaint ies ,  

lSCP 
. The uncertaint ies  i n  

and % 

*CS P 

Although the values of - 
have been found t o  vary slowly with r e l a t ive ly  l a rge r  - 

but has been taken t o  be of the  same order of magnitude as 
P 

A biasing e r ro r  i n  the coding of those Monte Carlo problems of re fer -  
ence [41 t h a t  employed the  Wigner dis t r ibut ion of l e v e l  spacings, forced con- 
vergence on erroneously high values of  s-wave capture and sca t te r ing  cross 
sections for Au and I. As  a r e su l t ,  the  inferred values of p-wave capture 
t h a t  s a t i s f i e d  observed values of sphere transmission f o r  these nuclei  w e r e  
too  low. 
herein have been corrected for  t h i s  computational e r ror .  

This coding e r ro r  has been corrected, and the  r e su l t s  presented 
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The Bethe method has been used t o  compute the values of 
s a t i s f y  the  experimental values of transmission for  several she l l s  fo r  a 
range of sca t te r ing  cross section us. 
e q l o y e d  herein is readi ly  capable of reproducing the  Bethe calculations 
fo r  energy independent cross sections, several  Monte Carlo calculations 
were a l s o  made as a check. 
qui te  accurately. 
sca t te r ing  cross sect ion US and constant capture cross section uc t h a t  
satisfy a given value of transmission fo r  a she l l ,  the  locus of such values 
has been determined. 

qc t h a t  

Because the Monte Carlo code 

"he two methods were found generally t o  agree 
Inasmuch as there a re  many combinations of constant 

The locus curves have been calculated fo r  she l l s  that were measured by 
SCHMIT" El], naaely Ag, Sb, I, a.nd Au-2. 
I n  each case reduction of 6s results i n  an increase i n  oc. 

The curves are presented i n  Fig. 1. 

The problem i n  applying the Bethe method when microscopic cross sections 
vary with energy can be reduced t o  the determination of an e f fec t ive  scat-  
t e r ing  cross section us,qp. In  the past ,  the  measured average t o t a l  cross 

sect ion 
=.I. I 

a t  24 keV has been used t o  estimate 

Since b is generally much smaller than TT, a single  i t e r a t i o n  resfits 7 

i n  a good value for  

upot,  us, and T?,, r e l a t ion  (1) is equivalent t o  using 

C . However, since TT consists of the  sum of 
'Seff - 

i n  the Bethe analysis.  

The question a r i s e s  as t o  what the e f fec t ive  value of energy-independent - sca t te r ing  cross sect ion i s  t h a t  provides a value of uC t h a t  i s  i n  reason- 
able agreement with the  results of the present Monte Carlo analysis.  
cated i n  Fig. 1 are the values of oC f o r  values of useff t h a t  correspond 

t o  UT - uc and t o  spot. The Monte Carlo values of 5c are  shown t o  
correspond closely t o  the values obtained by using 
sca t te r ing  cross section. Values of ZC reported by Schmitt that have been 
corrected f o r  resonance self-protection are  also shown. 
values increase the values of so  as  t o  agree reasonably well with Monte 
Carlo values for  Ag, Sb, and I. They disagree, however, for Au. Therefore, 
it appears that  the  method of Bethe may be used t o  in t e rp re t  sphere t rans-  
mission experiments; it can provide a good approximation t o  the average 
capture cross sect ion a t  24 keV, if the poten t ia l  sca t te r ing  cross section 
i s  known w i t h  reasonable precision and is  used as the effect ive sca t te r ing  
cross section. 

hdi- 

- spot as  the e f fec t ive  

These corrected 
TC 



An analogy to the present finding that a complex multiple scattering 
resonance capture problem may be treated by simply ignoring the resonance 
scattering contributions of absorptive nuclei is to be found in the methods 
evolved to handle the problem of the calculation of heterogeneous effective 
resonance integrals for absorbers possessing wide resoances (see DRESNEB [ 71 ) . 
Dresner discusses the essential expression for the escape probability from 
spatially uniform volume sources in lumps of the resonance absorber, for 
which the width of the resonance in lethargy units greatly exceeds the 
average lethargy increment per collision. He notes that the escape proba- 
bility can be expressed accurately over a large range of scattering proba- 
bility per aollision in the lump by a relation that ignores resonance 
scattering completely. 

It would appear that for nuclei having large s-wave strength functions 
and small average level spacings such as Au, average s-wave resonance scat- 
tering contributions are large. These s-wave scattering cross sections 
coincide in energy with capture cross sections with the result that proba- 
bility of capture is reduced and the probability of scattering is increased. 
Therefore, inclusion of the average resonance scattering cross section in 

that is to be used in the Bethe method is estimating the value of 
incorrect. 
the larger neutron widths in the Porter-Thomas distribution account for the 
larger share of the resonance capture integral; for example, 50 percent of 
the resonance capture integral is contributed by about 20 percent of the 
levels with the larger neutron widths. Therefore, a first order represen- 
tation of the cross sections that are effective for capture at 24 keV con- 
sists of the potential scattering cross section with the superposition of 
cross sections for relatively widely spaced resonances possessing the larger 
neutron widths. 

'Seff 
It was shown by BCGART and SEMLER [41 that the s-wave levels with 

4. C ONCLUS IONS 

A method of interpretation of sphere transmission measurements that 
uses the Bethe analysis but avoids the necessity for applying resonance 
self-protection corrections is suggested. 3y comparing values of average 
capture cross sections obtained from Monte Carlo analyses wit" values 
obtained from the Bethe analyses for Ag, Sb, I, and Au, a suitable crite- 
rion for estimating the value of the effective scattering cross section to 
be used in a Bethe analysis was obtained. The use of the potential scat- 
tering cross section as the effective scattering cross section in the Bethe 
analysis provides results that are in reasoiable agreement with the Monte 
Carlo results without the necessity of applying resonance self-protection 
corrections. 
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I r Corrected for resonance 

I I 
curve 

1.0 1. 2 1.4 1.6 1.8 2 .0  

(a) Ag; transmission, 0.694. 

. 

r 
\,,,,,r Bethe curve 

___  

. 2  . 4  . 6  .8 1.0 . 2  . 4  . 6  .8 1.0 

(b) Sb; transmission, 0.873. 

,Ir OSeff = 5 = % 
/ ,,-Corrected for resonance 
,' ,,' self-protection 151 p - ,,r OSeff = O p t  

_ _  -- 

,-Monte Carlo solution 

I 
.4 . 6  .8 1.0 1.2 1.4 1.6 

Capture cross section, OC, b 

(c) I; transmission, 0.923. (d) Au-2; transmission, 0.800. 

Figure 1. - Loci, of Bethe solutions for Ag, Sb, I, and Au-2 shells (SCHMITT El, 53. 
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Tke Bethe method has been used t o  compute the values of 
s a t i s f y  the experimental values of transmission for several  shells for a 
range of scatteying cross sect ion os. 
employed herein is  readi ly  capable of reproducing the Bethe calculations 
for  energy independent cross sections, several  Monte Carlo cdcu la t ions  
were a l s o  made as a check. 
qui te  accurately. 
sca t te r ing  cross sect ion US and constant capture cross sect ion bc t h a t  
s a t i s f y  a given value of transmission f o r  a she l l ,  the locus of such values 
has been determfned. 

a~ t h a t  

Because the  Monte Carlo code 

The two methods were found generally t o  agree 
Inasmuch as there are many combinations of constant 

The locus curves have been calculated f o r  she l l s  t h a t  were measured by 
SCHMlJcT El], namely Ag, Sb, I, and Au-2. 
In each case reduction of us results i n  an increase i n  bc. 

The curves a re  presented i n  Fig. 1. 

The problem i n  applying the Bethe method when microscopic cross sections 
vary with energy can be reduced t o  the determination of an e f fec t ive  sca t -  
t e r ing  cross sect ion 

sect ion OT a t  24 keV has been used t o  estimate u 
. In the  past ,  the  measured average t o t a l  cross 

‘Seff - 
Seff * 

- 
Since is  generally much smaller than TT, a single i t e r a t i o n  results ‘ 

i n  a good value for 

upot, us, and Zc, r e l a t ion  (1) is equivalent t o  using 

. However, s ince ZT consists of the sum of 
QSeff - 

i n  the  Bethe analysis. 
, 

The question arises as t o  what the e f fec t ive  value of energy-independent - 
sca t t e r ing  cross sect ion is  t h a t  provides a value of 
able agreement with t h e  results of the present Monte Carlo analysis.  
cated i n  Fig. 1 are the  values of oc f o r  values of us 
t o  CJT - uc and t o  upot. The Monte Carlo values of Zc are shown t o  
correspond closely t o  the values obtained by using 
sca t te r ing  cross section. Values of ZC reported by Schmitt t h a t  have been 
corrected f o r  resonance self-protection a re  also shown. 
values increase the  values of Zc so  as  t o  agree reasonably w e l l  with Monte 
Carlo values for Ag, Sb, and I. They disagree, however, fo r  Au. Therefore, 
it appears t h a t  t he  method of Bethe may be used t o  in t e rp re t  sphere t rans-  
mission experiments; it can provide a good approximation t o  the average 
capture cross sect ion a t  24 keV, i f  the poten t ia l  sca t te r ing  cross sect ion 
i s  known with reasonable precision and is  used as  the e f fec t ive  sca t te r ing  
cross section. 

uC t h a t  i s  i n  reason- 

t h a t  correspond 
I n d i -  

e f f  

- 
upot as  the e f fec t ive  

These corrected 
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(a) Ag; transmission, 0.694. 
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(b) Sb; transmission, 0.873. 

Capture cross section, OC, b 

(c) I; transmission, 0.923. (d) Au-2; transmission, 0.8GU. 

Figure 1. - Loci, of Bethe solutions for Ag, Sb, I, and Au-2 shells (SCHMITT 11, 51). 
a 


